A FORM based package (ON-SHELL2) for the calculation of two loop self-energy diagrams with one nonzero mass in internal lines and the external momentum on the same mass shell is elaborated. The algorithm, based on recurrence relations obtained from the integration-by-parts method, allows us to reduce diagrams with arbitrary indices (powers of scalar propagators) to a set of master integrals. The SHELL2 package is used for the calculation of special types of diagrams. Analytical results for master integrals are collected.
Introduction
High experimental accuracy achieved in the last years allows to test the Standard Model on the level of quantum corrections. Therefore to improve the accuracy of predictions within this model is of urgent need. The calculation of mass-dependent radiative corrections is complicated but can be performed to a large extent by using computer algebra. In recent years many algorithms have been developed and huge program packages were elaborated for this purpose (for a review of existing packages see Ref. [1] ). Due to different mass scales of the particles in the Standard Model the method of asymptotic expansion [2] -the expansion of Feynman diagrams w.r.t. the ratio of different scale parameters -is becoming more and more popular. The calculation of radiative corrections to low energy processes e.g., in particular those with light external fermions, in many cases reduces to the calculation of self-energy diagrams with external momentum at different scales. This is one of the reasons why the evaluation of two-loop self-energy diagrams is worth special attention. From the point of view of approximation methods two-loop self-energy diagrams can be divided into several classes:
• Only one non-zero mass enters internal lines and the external momentum is on the same mass shell. The calculation of diagrams of this type occurring in QED and QCD has been implemented 4 as the package SHELL2 [5] .
• There are heavy particles in internal lines and the external momentum is on the massshell of a light particle [6] [7] [8] . Diagrams of this type occurring in the Standard Model have been collected in the package TLAMM [9] .
• All internal particles are light or massless and the external momentum is on a heavy mass shell (see, for example, Ref. [10] ).
• Several different heavy masses occur in internal lines and the external momentum is on the mass shell of a heavy particle [11, 12] .
• Diagrams close to thresholds (see Ref. [13] and references therein).
A general recipe of reduction of arbitrary two-loop self-energy diagrams to a set of master integrals has been suggested by Tarasov [14] . The algorithm was implemented in FORM and then in MATHEMATICA [15] . However, this method suffers from the drawback that in processing the reduction of scalar master integrals with shifted dimension to the generic dimension of space-time, powers of 1 ε may arise which require the expansion of master integrals as series in ε, which is a difficult task. This problem is avoided in our approach.
We present a FORM [16] based package that allows to calculate arbitrary two-loop self energy diagrams with one non-zero mass and the external momentum on the (nonvanishing) mass shell. Our algorithm concerning the V-type diagrams is very similar to the one described in Ref. [17] .
The paper is organized as follows. In Sect.2 the full set of recurrence relations is presented which allows to express the initial diagrams with scalar product in the numerator in terms of diagrams with positive (> 1) indices. Sect.3 is devoted to the description of how to use the package. In appendix A (appendix B) we give all needed recurrence relations to reduce the scalar F-prototypes (V-prototypes) with arbitrary positive indices to a set of master-integrals. In appendix C the analytical results for all integrals shown in Fig.1 with indices 1 are collected. Even though not all of these are considered as master integrals, they can be used for comparison. We are working in Euclidean space-time with dimension N = 4 − 2ε. The full set of two-loop self energy diagrams with one mass and external momentum on the same mass shell is given in Fig.1 . We distinguish three basic topologies which in accordance with notations in Ref. [14] we call F, V and J prototypes with five, four and three lines, respectively. Our notation is given in Fig.2 . The diagrams implemented in the package SHELL2 (F01101, F00110, V1110, V0011, V1000 in our notation) and those considered in detail in Refs. [18] - [20] (F00000, V0000, J001, J000) are not discussed here 5 .
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mented in our package. 6 Their explicit expressions are
F-topology
To exclude the numerator (for example, j 1 < 0, c c 5 from the numerator can be eliminated by a general projection-operator method [19] . Using the decomposition
, and the property that odd powers of A(k 1 , k 2 , p) drop out after integration and for even powers we have
it is possible to reduce the initial integral to a product of one-loop integrals.
Using the above relations, F-type integrals with arbitrary indices are reduced to F-type integrals with only positive indices or V-type integrals with arbitrary indices. For the former case a proper arrangement of recurrence relations in general reduces the sum of all indices by 1. These relations are given in appendix A. Only eight diagrams (F11111, F00111, F10101, F10110, F01100, F00101, F10100, F00001) with all indices equal to 1 form the basis for F-type diagrams.
V-topology
Consider now the V-type diagrams. The recurrence relations we use are {425}, {423} and the following set: can be simplified later by partial fraction decomposition. For all cases (j 2 , j 3 , j 5 ) < 0, except j 4 < 0, the initial diagram can be reduced to two-loop tadpole-like integrals by means of [6] :
For j 4 < 0 we write c 4 = c 4 + m 2 4 and redefine c 4 = c 4 , which allows to consider only the massless case. Then the following recurrence relations are needed:
The result of application of the above recurrence relations are V-type diagrams with only positive indices or J-type integrals with arbitrary indices. The full set of recurrence relations for the former case is given in appendix B. The complete set of basic integrals is just given by V1111 and V1001 with indices equal to 1.
J-topology
The integrals of this type are discussed in detail in Refs. [13, 14] . We only mention here, that to reduce the numerator the following recurrence relation, suggested by Tarasov [24] , is needed:
is an arbitrary scalar function; ν 1 , ν 2 > 0 and
The master integrals are the following: one prototype J111 with all indices equal to 1, and two integrals of J011-type: with indices 111 and 112, respectively.
Master-integrals
To obtain the finite part of two-loop physical results one needs to know the finite part of F-type integrals, V-and J-type integrals up to order ε, and one-loop integrals up to order ε 2 . A detailed discussion of the calculation of master-integrals is given in [21] . Here me mention only, that the calculation of the ε (ε 2 ) parts has been performed by the differential equation method [22] . The results are collected in Appendix C.
Use of the package
The package consists of a set of procedures for the calculation of all two-loop integrals, presented in Fig.1 (f11111.prc, · · · , on3.prc, on2.prc, etc), two-loop tadpoles (vl111.prc, vl011.prc, vl001.prc) and one-loop integrals (vl1.prc, on1.prc, ons11.prc), where "1"("0") in the name of the procedure stands for massive (massless) lines, respectively. on3 and on2 are two-loop integrals from the SHELL2 package. vl1 is the one-loop massive bubble. ons11 and on1 denote the one-loop self-energy on-shell integrals with two and one massive lines, respectively. The integration momenta in the package are denoted by K1 and K2 for two-loop integrals and by K1 for one-loop integrals, P is the external momentum. All scalar products in the initial diagram must be rewritten in terms of propagators:
To specify the type of two-(one-) loop diagrams, the products of scalar propagators must be substituted by the proper functions of F-, V-, J-and ON-type with arguments denoting the indices and a symbol for the mass shell.
To work with fractions of N-dimensional numbers, two functions, SS and NN (originating from the package "LEO" [23] ) are used:
and
After application of each recurrence relation the procedure "ration" for the simplification of products of SS's and NN's must be called. The procedure "finitem" substitutes the values of master integrals and performs the expansion of the functions NN and SS in ε.
The integration procedure starts with F-type integrals. We apply the recurrence relations given explicitly in appendix A. After applying them several times, the integrand is reduced to the master integrals or to new, more simple, integrals like V-type, e.g. Then we apply several times the recurrence relations of Appendix B for the V-types. One needs to call all procedures step by step to reduce the initial diagram to the set of master integrals. The recommended sequence for calling the procedures is the following one: Let us consider as an example, the physical diagram shown in Fig.4 in more detail. The FORM input is created automatically by DIANA [25] . For two-loop self-energy diagrams DIANA generates all necessary information, e.g. identifying symbols for the particles of the diagram and their masses , distribution of integration momenta, Feynman rules (linear/nonlinear gauges), number of fermion loops, symmetry factors, etc. To calculate the transverse part it is sufficient to make the following substitutions: multiply, (d_(mu,nu)-p(mu)*p(nu)/p.p)*SS(-1,1); .sort id k1.p = (k1.k1-c3)/2; id k2.p = (k2.k2-c4+mmZ-mmW)/2; id k1.k2 = -(c5 -k1.k1 -k2.k2 -mmW)/2; id k1.k1 = c1 -mmZ; id k2.k2 = c2 -mmW; id p.p^j? = (-mmW)^j; .sort id mmZ^j? = mmW^j; 
, where the overall factor is So far we have considered only the case of merely one non-zero mass. Of course it is obvious that as further application of our package we use it for the expansion of diagrams in terms of mass differences. In general a 'standard' expansion of the scalar propagators in terms of the mass difference, i.e. in the above case in terms of m 2 W − m 2 Z , yields as expansion coefficients again integrals, which can be handled by our package. In order to demonstrate this possibility, we extend the calculation of the diagram in Fig.4 With the numerical value ∆ ≃ 0.23, we see that the convergence in ∆ of the above series in the three contributions is quite good and it can be expected that it will even improve due to 'gauge cancellations' if a complete gauge invariant subset of diagrams is taken into account.
Conclusion
The presented package has been developed for the calculation of two-loop self energy diagrams with only one non-zero mass. All mass combinations of the Standard Model with heavy masses are included. In this sense it is an extension of the existing package SHELL2, which takes into account only diagrams occurring in QED and QCD. We have also shown that this package can be used for the case of different masses in the SM by expanding in terms of mass differences. Thus we have provided a program for the evaluation of at least a large class of on-shell two-loop self energy diagrams in the SM. The time of calculation of one diagram, depending of course on the order of expansion in the mass differences, is not very large in general.
A The set of recurrence relations for F-type integrals
The full set of recurrence relations valid for arbitrary masses and momenta is given in Ref. [26] . Here we present some rearrangement of these relations which allows to reduce the positive indices of the on-shell diagrams with one mass to 0 or 1.
(1) F11111
B The set of recurrence relations for V-type integrals
The full set of recurrence relations for the V-type integrals is also given in Ref. [26] . Here we give our rearrangement of these relations which again allows to reduce positive indices of the on-shell diagrams with one mass to 0 or 1.
(1) V1111 
C Analytical results
For completeness, we present here the analytical results for all two-loop integrals shown in 
